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Abstract: The observed sex ratio is nearly one half in manignals including humans. Fisher explained that
the 50/50 sex ratio is optimal. However, the 508BR ratio seems highly unstable because a sligh#titn
from 50/50 changes the optimal ratio to the opposiktremes; zero or unity. Thus sex ratio should be
fluctuating wildly around 50/50. In contrast, thbserved 50/50 sex ratios in wild populations seerbd
very stable. There should be some unknown mechartsistabilize the sex ratio 50/50. We build thé&da
model of mating populations. Each cell representsate, a female, or an empty site. We performdatti
simulation by two different methods: local inteiiant (lattice model) and global interaction. In tbase of
lattice model, chance of reproduction is determibaded on the numbers of males and females adjaxent
the vacant site. In the global interaction method,select four sites randomly instead of the adjasies.
The highest density is achieved in the 50/50 séw.rahis density peak stands out sharply in théck
simulation, but it is rather flat in the globaleénaction. With a high mortality, the 50/50 sexadiecomes the
sole survivor; all other ratios becomes extincte Btability and persistence of the 50/50 sex radioomes
evident especially in a harsh environment. The Sapty of the 50/50 sex ratio in the lattice modeldue to
the decreased chance of mating in a local sitewkrms the Allee effect. Our approach can extenshtmw

that any value of sex ratio is evolutionary stable.
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1. INTRODUCTION

The observed sex ratio is almost 50/50 in many

animals [Charnov, 1982]. The 50/50 sex ratio is

first explained by Fisher [1930]. Using the concept

of evolutionary stability, it is described as folls.

If there are many more males in the population, a
female parent producing more females becomes
adaptive because, being a parent of many
daughters, she produces more grandchildren than a
female with less daughters. In the opposite case,

becomes 0. Furthermore, when the sex ratio of the
population is exactly 50/50, a parent with 1 sex
ratio (all sons) or sex ratio 0 (all daughtersyésa
nearly equal numbers of grandchildren compared
with a parent with 50/50 sex ratio. Thus, even
though 50/50 sex ratio is an ESS, it seems highly
unstable like a ropewalking. We need an
explanation for the observed stability of 50/50 sex
ratio in wild animal populations.[Bulmer, 1994]

Our study applys not ESS but evolutionary

producing more males is adaptive. Only when the maintainable strategy (EMS). The strategy of EMS
sex ratio is 50/50, a parent with 50/50 males or takes the maximum value of the population size in
females becomes balanced. This Fisher’'s 50/50 sex stationary state. EMS is the most sustainable
ratio is an evolutionarily stable strategy (ESS). strategy. Throughout this paper, we represent the
sex ratio value as the male ratio. The sex ratio

=0.7 means that, out of 10 individuals, 7 are
males and 3 females.

However, the stability of sex ratio is highly
questionable. A slight deviation from 50/50 sex
ratio in either directions results immediately fre t
optimality of producing only one sex opposite to
the deviation. If the sex ratio is slightly female-
biased, then the strategy producing just only males
(sex ratio =1) is the most adaptive. In contrast,
with a slight male-bias, the optimal sex ratio

We build a two-dimensional lattice model. In the
lattice model individuals are spatially distributed
The reproduction of an individual depends on
adjacent individuals. In each simulation we fix the
sex ratios of newborn offsprings and measure the



steady-state  densities. In the simulation dx

experiments, we also employ global interaction, - = R>‘(X' a)(b' X)- 1)
where no spatial structure is assumed. In the globa dt

interaction, the reproduction depends on the wherex(t) is the population size, and &andb are
individuals randomly chosen from the entire positive constants. Equation (1) has three
population. The steady-state densities of global equilibriums; both states=0 andx=b are stable,
interaction is analyzed mathematically. whereas the state=a is unstable. In Fig. 1, typical
e population dynamics of (1) is shown. When an
initial value of x exceeds the constaat then x
recovers the stationary valbeln contrast, when it

In both lattice model and global interaction, th
boundary of extinction is determined by the Allee
effect in the chance of sexual reproduction. We |
first discuss the Allee effect. Then we describe th 1S Pelow the value, thenx becomes zero. Hence,

lattice and global interaction models. We next (he parametea corresponds to the MVP size. To

analyse the steady-state densities of global avoid the gxtmcuon, it is necessary that the
interaction. The simulation results of both lattice POPulation size exceeds the vatue

model and global interaction is explained next.

Finally we discuss the stability of 50/50 sex ratio 3. MODEL

We consider population composed of a single

2. THE ALLEE EFFECT species on a two-dimensional lattice. Each lattice
Our work is closely related to the Allee effectalf site is occupied by a male (M), a female (F) or
population is not so small, it is generally persist ~ €MPpty (O). Birth and death processes are given by
and resistant against extinction. The risk of a
extinction drastically increases, when the B - M
population size becomes below a critical number of O — 1 s (2a)
individuals. The Allee effect denotes such a =< F
threshold termed the minimum viable population
(MVP). M= O , (2b)

va F50. (2c)

H b A The processes (2) simulate reproduction and death.
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Figure 1. The conceptual population dynamics of
Allee effect. If the initial size is larger than
threshold valu@, the population goes to stationary
stateb. If the initial size is smaller thaay the

population goes extinct.

) ) Figure 2. Schematic illustration of the model. The
Possible mechanisms for Allee effect may be the  central site (empty O) is surrounded by two males
necessity of finding a mate for reproduction, and one female. Therefore, the reproduction rate at

satiation of a generalist predator, group defense the site isB=r~ 2 1= 2r . Therefore the
against predators, or preservation of genetic reproductive probability ir 2 for male and
diversity. A simple mathematical model of Allee 2r(L- a) for female. Note that if either sex is

effect is given b
9 y absent,B becomes zero.



The parametem represents the mortality rate of an
individual. The parameteB is the reproduction
rate that is determined by equation

B=rP,P. 3)

where R, and R represents the number of males
and females, respectively, adjacent to the vacant
lattice site (the cental site in Fig. 2). The
reproductive parameteris set to a constant (one).

The birth process (2a) is carried out in two ways:
lattice model and global interaction. The following
is the method of lattice model simulation.

i) Distribute species randomly over some square-
lattice points in such a way that each point is
occupied by only one individual.

i) Choose one lattice site randomly. If the sie i
empty (O), perform birth process defined in
reaction (2a) where the reproduction rdeis
determined by the states of adjacent four lattice
sites. Here we employ periodic boundary
conditions.

iii) Choose one lattice site randomly. If the sge
occupied by an individual (male or female),
perform death process defined in reaction (2b) or
(2c).

iv) Repeat step (i) and (iii) bl x L times, where

L x L is the total number of the square-lattice sites.
This step is called a Monte Carlo step [Tainaka,
1988].

v) Repeat the step (iv) until the system reaches
stationary state.

Throughout the simulation, each individual on a
lattice site is assumed not to move: this assumptio
is applicable for plant, and may be approximately
valid even for animals, provided that the radius of
action of an individual is much shorter than the
size of the entire system [Satulovsky and Tome,
1994]. Empirical data suggest interactions occur
locally; long-ranged interaction is rather
exceptional [Price and Waser, 1979]. In the case of
lattice model, reproduction raiis determined by
adjacent four lattice sites.

In contrast, in the case of global interaction
simulation, the long-ranged interaction is allowed.
Here the reproduction rat is determined by any
four randomly chosen lattice sites.

4. THEORY FOR GLOBAL INTERACTION

In the case of global interaction, we can obta@ th
evolution equation for the population dynamics.
Let be the sex ratio of male, and y be the

population sizes (densities) of male and female,

respectively. Hence, the density of empty site is
expressed byl- x- y). The time dependences of

both densities are given by

mx+ crxy(l- x- y)a,

(42)

% =-my+crxyd- x- y)1- &). (4b)

The first term in the right hand side of equatidh (
represents the death process and the second term
corresponds to the birth process. Note that the
parameterc in (4) is the reproductive constant
(c=16), becausep,, =4x and P, =4y.

Equation (4) is similar as reported in the previous
papers (Boukal & Berec, 2002; Hopper & Roush,
1993). However, equation (4) has a distinct
advantage: it has fast and slow dynamics, so that
stationary densities are easily obtained. The fast
dynamics comes from the fact that the ratio of
female to the male in the birth process is constant
Namely, the system rapidly (exponentially)
approaches to the following condition:

y/Ix=(@1-a)la (5)

The stationary state of basic equation (4) should
satisfy the condition (5).

On the other hand, the slow dynamics is given from
equations (5) and (4a) [or (5) and (4b)]. It follw
that

mx+r(- a)x’(a- x)/a (6)
Equation (6) is just the same as (1). The steady-
state densitiea in equation (1) are given by

a=(a-+D)/2, (7a)
b=(a++/D)/2, (7b)
whereD is the discriminant:
D=ag?- am _a (8)
r 1-a

For the survival, it is necessary forto be positive.
In contrast, whenD £ O or when

a@l-a)tamlr, )

extinction always occurs; there is only one stable
equilibrium (X=y =0). When (1-) takes a
small value, then the target population goes eitinc

Thus a kind of phase transition is predicted
according to either equation (9) holds or not. The



population size of male in stable equilibrium is
given byb. Similarly, that of female ib(1- )/ .
Hence, the total population size in stable state is
given by

Xx+y=b+b@l- a)/la=bla. (10)

Concrete form of this equation is expressed by

1 1 m
Xty=—+ [—- ——. (11)
2 \4 ra(-a)
The total population size for survival phase

becomes maximum at 50/50 sex ratio, and it
always exceeds 1/2.

5.  RESULTS

Simulations are performed for different values of
mortality ratem and sex ratio . In Figs. 2-4, the
steady-state density of a population is shown for
both lattice model (open squares) and global
interaction (filled points). Here we set the matyal
level of the lattice model 10 times lower than that
of global interaction, because a lattice population
is much easier to go extinct.

In the case of global interaction, the phase
transition occurs:

i) the population goes extinct, when inequality (9)
holds.

ii) it survives, when the condition (9) does notcho

The phase transition discontinuously occurs. In the
case of lattice model, the phase transition is also
observed; however, it continuously occurs.

Under a low mortality condition (Fig. 2), the range
of sustainable sex ratios are between 0.3 andh0.7 i
the lattice simulation (squares). The population
goes extinct if the sex ratio is out of this

rather flat. In contrast, the density peak become
pointed at the 50/50 sex ratio in the lattice
simulation (Fig. 4).

In summary, for the lattice model, a pointed pesak i
observed near the sex ratig0.5. In contrast, for
the global interaction, a peak is not pointed but
rather plateau (Figs. 2-4).
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Figure 2. The steady-state densities for sex ratio
The open squares are for lattice moae=0.01),
the filled points are for global interaction
(mortality ratem = 0.1),
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sustainable range. The sustainable range expands Figure 3. Same as Fig. 2 , but the mortality rate is

between 0.05 and 0.95 with global interactions
(filled points in Fig. 2). The phase transitionthe

extinction for global interactions are described in
the section 2. The spatial reproductive structure

strongly enhances the stability of the 50/50
adaptive sex ratio. Under a moderate-level
mortality condition (Fig. 3), the range of

sustainable sex ratios narrows to that between 0.4
and 0.6 in the lattice model. In contrast, the eang
is still wide (between 0.1 and 0.9) in the global
interaction version. In a high mortality condition
(Fig. 4), the population survives at a low steady-
state density in a very narrow range of sex ratios,
or goes extinct. Here the sustainable range become
narrower even under global interaction. However,
within this range the steady-state densities are

0.03 for lattice model, 0.3 for global interaction.



Figure 4. Same as Fig .2 , but the mortality rate is
0.07 for lattice simulation, 0.7 for global
interaction.

6. DISCUSSIONS

Simulations are carried out for two methods: the
lattice model and the global interaction. There are
a sustainable range of sex ratios for the pergisten

of populations in both lattice model and global

interaction. Outside of this range, the populations
are destined to extinction. In this sense, thalt®es

of both approaches are qualitatively same.
However, a markedly distinctive quantitative

difference is observed between the two methods.
The chance of mating extremely limited in the

lattice model. We set mortality of the lattice mbde

10 times lower than that of the global interaction.

Sharp peaks are observed for lattice model but
plateaus for global interaction (Figs. 2-4).

Allee effects appears in the global interactione Th
steady-state densities goes to zero (extinction)
abruptly when the deviation from 50/50 sex ratio
increased gradually. Here the boundary is a step
function from a finite number to zero (Equations 6-
10, see also Figs. 2-4). Due to the sex ratio
deviation, the reproduction rate cannot cope with
the mortality rate, resulting in the negative
population growth. Within this boundary, the
average density changes slightly with the
difference in sex ratio.

Allee effects also play an important role in the
lattice model. In the lattice model, the chance to
reproduce is dependent on the existence of both
sexes in each confined locality rather than the
entire population. With little deviation of sex irat
from 50/50 range, monosexual regions are easily
formed, and the opportunity of reproduction goes
to zero in these regions. Because of the locality
problem, the thresholds of the sex ratio deviation
appears much narrower in the lattice model than

those in the global interaction. However, due ® th
averaging of the Allee effects over the entiredatt
space, the density decline profile along the sex
ratio becomes gradual unlike the step function in
the global interaction (Figs. 2-4). Thus the lattic
model relates the localized Allee effect.

The stability of 50/50 sex ratio may be strongly
enhanced by the Allee effect. This effect is severe
when the population is “philopatric” (lattice
model) rather than “panmictic” (global interaction)
In both cases, the deviation from 50/50 ratio is
extremely costly when the population is under
severe environmental conditions.

The current model may be applicable to the
stability analyses of non-50/50 sex ratios. If we
apply the sexual difference in mortality or
reproductive values, then we expect that the
optimal sex ratio takes a value of non-50/50.

Our approach may account for the superiority of
sexual reproduction. It is well known that the
reproduction rate of asexual reproduction is much
larger than that of sexual reproduction (twice). If
we apply the concept of ESS without trade-off,
then the asexual reproduction beats sexual one.
However, our approach insists the importance of
sustainability (steady-state density). When we
apply the concept of EMS, the superiority of sexual
reproduction can be explained. This is because the
sexual reproduction is more maintainable; an
example of such sustainability is the Red-Queen
effect [Hamilton, 1980]. Moreover, it is known that
the increase of reproduction rate does not mean the
increase of steady-state density (paradox of
enrichment) [Rosenzweig, 1971]. Interaction with
other species may play an important role in the
advantage of sex.

In this century, many environmental problems will
be serious. Among all, mass extinction of
biospecies is one of the most serious problems. In
order for a biospecies to avoid extinction, it is
necessary that its population size is not so small.
The risk of extinction drastically increases, when
the population size becomes below a critical
number of individuals. Such a threshold has been
termed the minimum viable population (MVP).
Several authors have empirically tried to estimate
the MVP for a number of different organisms.
Belovsky [1987] investigated a variety of mammal
species, and determined that populations of several
thousand individuals were necessary to achieve a
95% chance of persistence for 100 years. Thomas
[1990] made MVP recommendations for birds and
mammals that ranged from 1000 to 10,000.
Similarly, Wilcove, et al. [1993] analysed the
endangered species in the United States and
concluded that a minimum of 1000 individuals



were necessary for persistence. Hence, empirical Wilcove, D. S., McMillan, M. and Winston, K. C.,

data suggest that MVP takes large values. Our
approach of lattice model may explain such large
values of MVP.
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